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CN , Abstract. Collision of two solitons of the Manakov system is 

O ' studied analytically. Existence of a complete polarization mode 

switching regime is proved and the parameters of solitons prepared 
for polarization switching are found. 



Tj- I The idea of an analytical approach to the description of polarized (i.e. 



vector) solitons in nonlinear optical fibers is based on the fact jT] that for some 



> 
O 

^ ■ values of the parameters the original system of coupled nonlinear Schrodinger 

O , equations transforms to the Manakov system 

^ ; 1 

■ + 7^91 rr+ 1^2 gi = 0, 

^ ■ \ (1) 

mz + 2^2rr + (1^2^ + l^/l ?2 = 0. 

^ This system was shown to be integrable by Manakov [2]. Here qi and q2 

c/3 . are normalized envelopes of the two modes of the soliton, while r and z are, 

correspondingly, the normalized retarded time and distance along the fiber. 
^ ; The one- soliton solution for Eq. (1) reads 

1^--^'"^^^ cosh(2r^[r-ro + 2e.]) ' 

where 9i = \6i\e^'^', I = 1,2, \6i\ and (pi are the intensity and initial phase of 
the l-th polarization component of the soliton, + |^2p = 1, and 2^ and 2r) 
are the velocity and amplitude of the soliton, correspondingly. Many-soliton 
solutions of the Manakov system can be easily retrieved with the help of the 
Riemann-Hilbert problem approach. A detailed analysis of the associated 
Riemann-Hilbert problem and the perturbation theory for Manakov solitons 
can be found in Ref. [3]. The general soliton matrices^, which allow for the 

"'^Discovered quite recently. 
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complete classification of all possible soliton solutions to the Manakov system 
as well, can be found in Ref 0. 

Below we will give the formulas describing collision of two Manakov soli- 
tons with arbitrary polarization states. To conveniently describe the phase 
and polarization state of the two-component soliton let us introduce a two- 
dimensional column vector | 6) , which will be referred to below as the theta- 
parameter. The Hermitian-transposed row vector will be denoted as {6 \. 
Analysis of the two-soliton solution of the Manakov system (1) under the 
condition that ^2 > 1^1 leads to the following transformation formulas for the 
parameters | 6^^^) and | 9'^'^^): 



e ) = exp iaig[ — ]-l3] \ l + 



h - k2 



ki - k2 



k2 , 



(-,(1) 

), 



9 } = exp zar; 



/3 1 + 



(3) 



' " ){9 \] \ 9 ), 



./ci - A;2/ / \ ki - k2 

where the top signs, minus and plus, denote the theta-parameters before and 
after the collision, correspondingly, kj = + tjj, j = 1,2, and (3 reads 



2""V" \k1-k2P 



(-)«, (-)(2)^ 2 

(9 \ 9 ) 



(4) 



The transformation given by Eqs. (3) and (4) was first derived by Manakov 
|2j in an equivalent form. 

It is easy to verify that the theta-parameters satisfy the following simple 
identity 

{+)(!) (+)(2) {-)(!) {-)(2) 

{9 \9 ) = exp{Aiaigiki-k2)){9 \9 )■ (5) 

Additionally to transformation (3)-(4), the interaction of two Manakov soli- 
tons leads to the finite shifts in the time of arrival parameters of the two 
solitons: 
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(6) 
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Equations (3), (4), and (6) completely describe the collision of two Manakov 
solitons. 

The transformation given by Eqs. (3)-(4) means that the colliding soli- 
tons significantly alter each other's polarizations and phases. This fact was 
already mentioned by Manakov Moreover, there are the polarization 

(+)(") (-)(") 

switching regimes of collision, i.e. when we have i =0 but i 7^ 0, for 
some n and / (n = 2 and / = 2 below). The polarization switching regime 
was discovered in Ref. in the numerical simulations of the general two- 
soliton solution. To analytically prove the existence of such a regime let us 
invert one of the equations from system (3) for the theta-parameters of the 

(+)(2) (-)(1) 

solitons. For instance, given | ) and | ^ ) we obtain for the rest of the 
theta-parameters^ : 



) = exp I «arg 



ki — k^ 



+/5 



y k2- ki I 



) = exp [iwg ) +P 



ko 



ki - k2 



k2 , (+)^^\ /+' 
' ){0 
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(7) 



{-) 



(1) 
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Importantly, the set of the theta-parameters {\ ),\ )} is a close one 
due to the fact that /3 admits also the following equivalent representation 



/3=-llnfl+<*=-*^><*'-*': 



(-)«, 

{e I 



(+){2) 2\ 
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Let us put 



where ai, 



(-) 



(1) 



cosaie 



101 



{+)(2), 



\ smaie 
62 and i/j are given. Define also 
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(10) 



^Another way to derive Eqs. (7)-(8) is to use the asymptotic expansion of general two- 
soliton solution on the two characteristics, defined by r + 2^„0 = const., n ~ 1,2, and the 
fact that there are exactly two equivalent factored representations of the soliton matrix: 
r(^) = Xi{k)x2{k) ~ X2{k)xi{k), for notations consult Ref. |3j. 
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For the initial (i.e. before the coUision) theta-parameter of sohton 2 we obtain 
from Eq. (7) 



e 



exp (iarg(f^) +2^ 



1 



-^cos^ai 



^^cosQ;isinaie(''^2-j<^i) 



(11) 



One can use Eqs. (10) and (11) to find the values of the polarization angle and 
phase difference of soliton 2 prepared for the complete polarization switching 
due to coUision with soliton 1 with the phase vector fixed by Eq. (9): 



a2 — — arctan 



77isin(2Q;i) 



(6 - 6)^ + - ?7iCos(2ai; 



(12) 



-02 - ^1 = 02 



TT 



)i + — + arctan 



'V2 - ?7icos(2ai; 



6-6 ; 

Therefore, it is analitically shown that vector solitons governed by the 
system of coupled nonlinear Schrodinger equations exhibit a novel type of 
soliton collision - the soliton polarization state switching. In the case when 
the Manakov system is the relevant model the polarization switching will be 
complete. The sohton polarization state switching can be used for the logic 
elements based on vector solitons. 
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